Three objections to the canonical analytical treatment of covariant electromagnetic theory are presented: (i) only half of Maxwell's equations are present upon variation of the fundamental Lagrangian; (ii) the trace of the canonical energy-momentum tensor is not equivalent to the trace of the observed energy-momentum tensor; (iii) the Belinfante symmetrization procedure exists separate from the analytical approach in order to obtain the known observed result. It is shown that the analytical construction from Noether's theorem is based on manipulations that were developed to obtain the compact forms of the theory presented by Minkowski and Einstein; presentations which were developed before the existence of Noether's theorem. By reformulating the fundamental Lagrangian, all of the objections are simultaneously relieved. Variation of the proposed Lagrangian yields the complete set of Maxwell's equations in the Euler-Lagrange equation of motion, and the observed energy-momentum tensor directly follows from Noether's theorem. Previously unavailable symmetries and identities that follow naturally from this procedure are also discussed.
HISTORICAL CONTEXT
Electromagnetic theory was developed in large part due to the experimental conclusions of Michael Faraday in the early 1830's, followed by the mathematical reasoning of James Clerk Maxwell in the 1850's. Maxwell first presented his equations in components in 1861 [1] , which are unlike what is presented in the modern day. The common form of Maxwell's equations were introduced by Heaviside in 1894, which concisely represents the laws as divergences and curls of electric and magnetic field vectors [2] . Parallel developments during the 19th century were occurring in the area of analytical mechanics introduced by JosephLouis Lagrange. He showed how experimentally determined equations of motion could be derived from the principle of least action.
An obvious curiosity followed; for an experimentally constructed theory like electromagnetism, does an appropriate Lagrangian exist such that the calculus of variations will lead to Maxwell's equations as the equation of motion? The path to such goal was initiated by Hermann Minkowski in 1908 [3] . In this paper, he noticed that Maxwell's equation could be represented as the divergence of two antisymmetric matrices whose components are that of the electric and magnetic field. He also noticed that one these matrices can be multiplied together, and combined the trace of the fundamental Lagrangian L = − 1 4 F λγ F λγ , to recover the energy and momentum expressions of the theory. These expressions are the well known energy-density 1 2 (E 2 +B 2 ), Poynting's vector E× B, and the Maxwell stress tensor [4] .
Einstein, whose love for electrodynamics is well known, is responsible for the current form of the covariant Maxwell's equations, which is not so well known [5] . He decided the need for the two fundamental matrices, now shown to transform as true tensors, is not the simplest formulation of the covariant theory. Instead he proposed to drop the second tensor from the formulation, since all of Maxwell's equations could be expressed as the divergence, and
Bianchi identity, of the field strength tensor F µν that is associated with the non-homogenous
Maxwell's equations. Furthermore, the energy momentum tensor T µν could be expressed using only this tensor and the trace of the Lagrangian composed of this tensor, as shown by
Minkowski.
This form of covariant electrodynamics that has held for a century now. Countless publications have made use of this canonical formulation, and continue to do so in the present day. Most standard electrodynamics textbooks such as Jackson [6] conclude with this presentation, and in recent years it continues to be the subject of investigation, for example in 2009 [7] and in 2016 [8] . It is absolutely satisfying in terms of results, as all of
Maxwell's equations, and the energy-momentum expressions, can be expressed compactly using the field strength tensor. The compact form does not, however, guarantee it as a derivable theory of analytical mechanics.
Several inconsistencies can be found between the analytical formulation and traditional formulation of electrodynamics. Traditionally, Maxwell's equations can be represented as a pair of wave equations in terms of the electric and magnetic fields [9] . In the analytical In 1918, Emmy Noether proposed an extension of the Lagrangian equation of motion in analytical mechanics, such that the previously discarded boundary term was in fact a conservation law [10] . This conserved quantity is based on symmetry which is associated to the theory, such as Lorentz symmetry. It is remarkable that variation of a fundamental
Lagrangian could lead directly to the equation of motion and conservation laws of a theory by following strict rules of procedure. Conventional wisdom states that Noether's theorem derives electromagnetic theory from the fundamental Lagrangian L = − 1 4
entirety. This is not the case, as explained in section 4.2 (objection (ii)) and section 4.3
(objection (iii)).
The energy-momentum expressions in electromagnetism are the subject of ongoing investigation [11] . Electromagnetism from an analytical perspective is less established than recent presentation would indicate [12] . The canonical energy-momentum tensor does not directly give known results in electromagnetic theory. Objection (ii) explains how the canonical energy-momentum tensor has a trace which is not equivalent to the observed energy-momentum tensor. This objection arises in part due to two different presentations of Noether's theorem in the literature, described in section 3.1 and 3.2. Objection (iii) describes how the symmetrization method exists independent of the analytical approach in order to obtain the known energy-momentum tensor [13] . The current work provides a solution to the three objections which allows for electromagnetism to be obtained directly from Noether's theorem.
THE CANONICAL EQUATIONS
Canonical equations of covariant electrodynamics will be presented with c = 1 and metric signature (+, −, −, −). Maxwell's equations in free space can be expressed as the GaussAmpere law ∇ · E = 0, ∇ × B = ∂ t E, and Gauss-Faraday law ∇ · B = 0, ∇ × E = −∂ t B. These equations can be solved for the components of the electric and magnetic fields, E = (E x , E y , E z ) and B = (B x , B y , B z ), respectively. Einstein compactly defined
Maxwell's equations [5] in terms of the divergence (Gauss-Ampere) and Bianchi identity (Gauss-Faraday) of the field strength tensor
where A ν = (Φ, A) is the four-potential, of the electric scalar potential Φ, and magnetic vector potential A. The covariant 4-divergence is given as
independent components of this antisymmetric tensor are that of the electric and magnetic field [6] . The symmetric energy-momentum tensor is given by,
The components of this tensor are the energy density of the electromagnetic field, Poynting's vector, and the Maxwell stress tensor, which were all well-established quantities before the covariant formulation was introduced. Differentiation can show on shell energymomentum conservation, and the force density of the Lorentz force. The covariant formu-lation above, as developed by Minkowski [3] and Einstein [5] , holds to this day.
ANALYTICAL TREATMENT OF CLASSICAL ELECTROMAGNETISM
It is of extreme importance to differentiate between two presentations of Noether's theorem found in the literature. First is the presentation following from the principle of least action δS = 0, for example in [14] . This method follows the procedure of Lagrange, to minimize the variation of the action. Instead of neglecting the boundary term from this method, it is treated as the divergence which correspondes to the conserved quantity. This method correspondes to the first section of Noether's paper. Only by manipulations of the δL term such as in [14] is this trace subtracted. This subtraction is a desired property in the canonical presentation of analytical electrodynamics, because it is required to obtain the known result. It will be shown that this method can be of interest in constructing electrodynamics analytically. This method is shown in section 3.1.
The second method often presented is that of invariant action leading to conservation laws, taken from the second section of Noether's paper. This method is more true to what
Noether was emphasizing in [10] . The principle of least action is not what is of interest;
instead it is required that two actions are equivalent (form invariant) under a coordinate transformation. In this presentation (see [15] ) the trace term arises more naturally in the canonical energy-momentum tensor from consolidating the two actions under one coordinate variable. This method is not as direct as the least action principle; it requires truncated expansions of the coordinate variation and new definitions of potential variations. However, it does provide a proper procedure for obtaining the trace substraction required in the canonical analytical formulation of electrodynamics. This method is shown in section 3.2.
Electrodynamics from least action principle
From the principle of least action δS = 0, the variation of the Lagrangian function must be minimized in order to obtain an equation of motion. The minimal variation of a Lagrangian built from a vector potential and its derivatives is,
No second order or higher derivatives of potential are present in the Lagrangian of classical electrodynamics so they can be neglected. Performing integration by parts yields,
where the first term forms the Euler-Lagrange equation, and the second term is the boundary term which Lagrange discarded from the action. In order to analytically treat electromagnetic theory, the fundamental electromagnetic
F λγ F λγ must be varied in order to obtain an equation of motion. The boundary term, which yields the canonical energy-momentum tensor, will not be discarded in Noether's theorem. Variation yields the equation of motion and conserved quantity,
The equation of motion, ∂ µ F µν , is only half of Maxwell's equations (Gauss-Ampere law). Taking the variation of the potential under a Lorentz translation (x ν → x ν + δx ν ) to be δA α = ∂ ν A α δx ν , and the variation of the Lagrangian under a Lorentz translation to be δL = ∂ µ (η µν Lδx ν ), the conserved quantity can be expressed as a second rank tensor by removing the coordinate variation (which is taken to be a constant) from the expression. It is important to note that the δL term is taken from the left hand side of the Lagrangian variation in order to combine with the trace and obtain the energy-momentum tensor T µν of Minkowski and Einstein,
This is immediately obvious since this equation is a 4-vector
This is the basis for the objection (ii), described in section 4.2. It is clear from equation
5 that the second term in equation 2 is not directly following from least action. This term is created from the Lagrangian variation (equation 6). It is imposed similar to the Belinfante procedure, in order to obtain known results in electrodynamics that existed before Noether's theorem. This is how the conserved quantity becomes the canonical energy-momentum tensor,
Based on the Lorentz translation symmetry, the electromagnetic Lagrangian gives rise to the so called canonical energy-momentum tensor
in the form of the observed, symmetric expression presented by Minkowski and Einstein.
In 1940, Frederik Belinfante proposed a solution, by defining a symmetrization procedure [16] . The canonical energy-momentum tensor combined with the Belinfante correction term
used the fact that any tensor can be expressed as the combination of symmetric and antisymmetric parts to determine what was missing from the symmetric form. After the correction was made, this formulation of electromagnetic theory has remained untouched until present day.
Electrodynamics from invariant actions
The second common presentation is that of invariant actions, where two actions are said to be form invariant under a coordinate transformation. In this case the action as a function of the potential is equivalent to the same action as a function of the transformed potential,
Requiring form invariance leads to the following condition in the action,
Taking the truncated expansion of the coordinate variation (first order approximation), the first term can be expressed as
. Such requirements take away from the absolute purity of the least action procedure. Here the variation of the Lagrangian is not imposed, rather it is defined as a consequence of the equality
Therefore the form invariance requirement can be expressed as,
which can also be expressed
term is the origin of the trace subtraction in the canonical energy-momentum tensor. Consolidating the first and third terms under a change of variables (noted as bar
Here the divergence expression from equation 6 follows from the variation of the Lagrangian, and a term which can be expressed as the trace subtraction is also present. Both the least action principle, and invariant action requirement have been tailored to obtain the same canonical energy-momentum tensor used to construct electrodynamics. It will be shown in section 5 that regardless of the approach, the proposed reformulation recovers completely the equations of electrodynamics. In both approaches, the Belinfante procedure is required to obtain the energy-momentum tensor.
The fact that the Belinfante procedure exists separately from variational methods is the basis for objection (iii), described in section 4.3. The fundamental Lagrangian is not directly yielding the observed energy-momentum tensor in Noether's theorem. In order to make this be the case, the Belinfante procedure adds a term to what is following from Noether's theorem. This is an ad-hoc addition in order to obtain known results. Furthermore, the name 'symmetrization procedure' is misleading. There is no evidence that symmetry is a fundamental property of the energy-momentum tensor, symmetrization just coincidentally yields the form presented by Minkowski and Einstein. F λγ F λγ , the Gauss-Faraday law ∂ µ F µν = 0 will exist in the equation of motion, and Gauss-Ampere law as the Bianchi identity As seen in equation 7, the energy-momentum expression does not follow directly from
Noether's theorem. Since no subtraction of trace exists in the conserved quantity (equation 5), the variation expression δL was manipulated in order to obtain this term. An explicit account of this process is given in [14] . In fact, is not true to the least action principle, since this term is identically zero (equation 4). It is argued that δL = ∂ µ (η µν Lδx ν ), in order to pull this term across and into the conserved quantity. There is no physical or mathematical reasoning to do this, other that it can be used to obtain the known result. Acceptance of this process is based entirely on correctly obtaining the energy-momentum tensor in the form of Minkowski and Einstein.
The second approach requires two actions under a coordinate transformation to be form invariant. In this approach two divergence terms can be obtained: one which is the divergence as in the least action principle, and another which can be expressed as the trace subtraction. This method requires change of variables and approximations which take away from the exact nature of the least action principle, however can give a more mathematical procedure if one desires the trace subtraction term. It is shown in section 5 that regardless of which method is chosen, the reformulation will lead uniquely to the equations of electrodynamics.
The Belinfante symmetrization procedure of the canonical energy-momentum tensor
The third and final objection is another manipulation of the canonical energy-momentum tensor T µν C . Although this procedure yields the desired result for electromagnetism, it exists completely separate of variational methods, and is only accepted because it manipulates the variational result into the known T µν expression of Minkowski and Einstein. Since the observed energy-momentum expression does not follow from Noether, this addition is necessary to obtain the desired result. The procedure cares only about the symmetrization of an arbitrary tensor by adding a correction term ∂ α b µνα = −F µα ∂ α A ν , which has no physical connection. The fact that symmetrizing Noether's conserved quantity leads to the observed energy-momentum tensor is a coincidence. The Belinfante procedure is simply a way for making an arbitrary tensor symmetric. Such manipulation can in no way be considered fundamental to analytical mechanics. Unfortunately, this is often presented as some natural step in the derivation of electromagnetic theory from analytical approaches, and few instances can be found where serious discussion has taken place. In 1980, a more theoretically sound potential variation was introduced by considering the potential transformation under both Lorentz and gauge symmetries by Eriksen and Leinhaas [18] . A clear presentation is given in the classical field theory book of Burgess [19] , which will be discussed in section 5.
One can raise the question after reading these objections, if there are problems with the equation of motion, and the conservation law, is anything following naturally from Noether's theorem in electromagnetic theory? Furthermore, if the complete set of Maxwell's equations are not present in the equation of motion, how can the incomplete theory be expected to yield the full energy-momentum tensor in the first place? After all, the energy-momentum tensor was originally found from the complete set of equations. Perhaps the problem behind these objections is one in the same.
THE SOLUTION TO THE OBJECTIONS
The purpose of this work is not only to address the objections to the canonical treatment of covariant electrodynamics, but to offer a solution that is superior to current formulation.
The solution lies at the construction of the Lagrangian itself. As described in section 3, the choice of field strength is rather arbitrary, and the theory can be equivalently expressed in term of the dual field strength of Minkowski [3] . This dual field strength F µν is again defined in terms of the field strength F µν via contraction of the Levi-Civita tensor
. This relation is not advantageous, as it continues to prioritize half of Maxwell's equations defined by F µν , and cannot be used in a fundamental Lagrangian because it is not invariant under a parity transformation.
Another option remains, which is to define the Gauss-Faraday law with dual field strength F λγ F λγ is clearly not special in this regard. It is curious to wonder how to select which is truly more fundamental.
Electromagnetic theory does not follow without manipulation in either individual situation.
After lengthy consideration, it became clear that both invariants must be included to avoid bias, and recover the entire theory without manipulations. For the following calculations it is useful to work with the field strength tensors explicitly in terms of the components of the electric and magnetic fields,
It is noted that other possible scalars F λγ F λγ = F λγ F λγ were seriously considered.
However, they simulatenously destroy the symmetry of the equation of motion, energymomentum tensor, conservation identities, and do not appear to be fundamentally significant from an analytical approach. This is related to the fact that under the Levi-Civita dual treatment, this combination is only a pseudoscalar, thus cannot be part of a Lorentz invariant field theory.
Natural progression of logic leads to the desire for a fundamental Lagrangian such that the theory is directly following from Noether's theorem. With several available objections to the previous treatment, attributing these problems individually to the variational method itself is extremely unlikely. By defining a Lagrangian that is a combination of these,
all objections can simultaneously be erased. The beauty of this approach is hard to deny, and it is proposed as the fundamental Lagrangian to electromagnetic theory. Performing variation with respect to both potentials yields, 
First, it showed that the potential difference, which is observable, is indeed gauge invariant. Second, it can be used to recover known expressions for potential differences (i.e.
voltages), such as δx 2 F The true beauty of the reformulation, however, is the fact that the energy-momentum tensor is,
which is exactly equivalent to the well known energy-momentum tensor presented by is interesting is that in this approach the Bianchi identity is not required, as this information is present in the dual formulation. Instead, a useful identity
can be found by breaking the remaining terms into components. The perfect combination of these components is not obvious, as the equations of motion exist only through the mixing of these two terms. Mixing of terms in this identity highlights the symmetric nature of electrodynamics that naturally follows from the proposed Lagrangian.
Furthermore, under Lorentz rotation δA α = ω λγ X γ F λ α , the angular momentum tensor
Noether's theorem. The fact that the entire theory follows from the reformulation is evidence enough to consider its validity. Above this, the previous objections are no longer an issue, and Maxwell's theory of electromagnetic fields can follow directly from analytical mechanics, without the need for manipulations to obtain known results.
CHARGE, CURRENT AND LORENTZ FORCE
The introduction of charge and current to the reformulation highlights a major benefit of considering the proposed Lagrangian to be fundamental. In the prior treatment, the 
where J µ B is introduced in presence of magnetic monopoles. The aforementioned conservation identity becomes, under the presence of charge and current,
These terms are not independently equivalent, they follow from the mixing of the terms when expressed in components. In the canonical theory with no magnetic monopoles, this identically recovers the force density
, which can be used to recover the Lorentz force. Analytically treating the proposed Lagrangian is truly symmetric and all encompassing of electromagnetic theory.
A note should be made regarding the Lorentz force. This law is expressed in terms of the field strength tensor in the presence of electric monopoles. By introducing the independent dual to the Lagrangian approach, this tensor is also fundamental and allows for the definition of a second Lorentz force, which is required in the presence of magnetic monopoles. Both force densities are recovered by differentiation of the field strength tensor. The Lorentz force is a vital component of the analytical approach, as it should be. By allowing the reformulation, all aspects of electromagnetic field theory are explicitly following from variation of the Lagrangian. Reformulation allows for a much more symmetric presentation of electromagnetic theory from analytical methods, without the need for manipulation to obtain known results. The proposed formulation returns covariant electrodynamics to a more similar presentation that was originally introduced by Minkowski. Two field strength tensors are required to represent the full set of Maxwell's equations. Since the symmetry of Maxwell's equations allow for Einstein's formulation in terms of either the field strength tensor F µν , or the dual field strength F µν tensor, there is no longer the need to select one of these for analytical electrodynamics. Preferential selection of one of these tensors should not be subject to the opinion of physicists. By defining a Lagrangian in terms of both tensors, both invariants are included in the theory, and the observable equations naturally follow without need for bias. One additional strength of this method is that the equations of electrodynamics follow from both the least action principle, and the requirement of invariant action. Resulting from the reformulation is a truly symmetric presentation of electromagnetic theory obtained from analytical mechanics. It has been made clear that compact notation of experimentally verified theories should not be considered as fundamentally sound. Only when these theories can both be experimentally determined, and derived from strict rules of procedure such as those presented by Lagrange and Noether, should they be considered truly significant. * mbaker66@uwo.ca
